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THE 3-POINT VIRASORO ALGEBRA AND ITS ACTION ON A 

EOCK SPACE 

BEN COX, ELIZABETH JURISICH, AND RENATO A. MARTINS 


Abstract. We define a 3-point Virasoro algebra, and construct a represen¬ 
tation of it on a previously defined Fock space for the 3-point affine algebra 
s{(2,n)®(nTi,/dn). 


1. Introduction 

Previous work of Kassel and Loday (see [KL82], and [Kas84]) show that if i? is a 
commutative algebra and 0 is a simple Lie algebra, both defined over the complex 
numbers, then the universal central extension g := g(i?) of g 01? is the vector space 
g(i?) := (g 0 i?) © fl]^/dR where fl]^/dR is the space of Kahler differentials modulo 
exact forms (see [Kas84]). More precisely the vector space g is made into a Lie 
algebra by defining 

[x 0 /, y 0 g] := [xy] 0 /y + {x, y)fdg, [a: 0 /, w] = 0 

for all x,y € g, f,g G R, uj G il]^/dR. In the above (—,—) denotes the Killing 
form on g and d denotes the congruence class of a £ modulo dR. A natural 
question is whether there exists free field or Wakimoto type realizations of these 
algebras. From the work of Wakimoto, and Feigin and Frenkel the answer is known 
when R = is the ring of Laurent polynomials in one variable (see [Wak86] 

and [FF90]). Before describing the current work, we review a few other rings R for 
which there is a known free field type realization. 

The initial motivation for the use of Wakimoto’s realization was to prove a con¬ 
jecture of Kac and Kazhdan involving the character of certain irreducible represen¬ 
tations of affine Kac-Moody algebras at the critical level (see [Wak86] and [FreOS]). 
Another motivation for constructing such free field realizations is that they have 
been used to describe integral solutions to the Knizhnik-Zamolodchikov equations 
(see for example [SV90] and [EFK98] and their references). A third is that they are 
used in determining the center of a certain completion of the enveloping algebra 
of an affine Lie algebra at the critical level, which is an important ingredient in 
the geometric Langland’s correspondence [Fre07]. Yet another motivation is that 
Wakimoto realizations of an affine Lie algebra appear naturally in the context of 
the generalized AKNS hierarchies [FF99]. 

In Kazhdan and Luszig’s explicit study of the tensor structure of modules for 
affine Lie algebras (see [KL93] and [KL91]) the ring of functions on the Rie- 
mann sphere regular everywhere except at a finite number of points appears nat¬ 
urally. This algebra is called by Bremner the n-point algebra. One can find in 
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the book [FBZOl, Ch. 12] algebras of the form — Xi)) © Cc appear¬ 

ing in the description of the conformal blocks. These contain the n-point alge¬ 
bras 0 © C[t, {t — ... ,{t — a;Ar)“^] © Cc modulo part of the center flji/dR. 

In [Bre94a] Bremner explicitly described the universal central extension of such 
an algebra in terms of a basis. In [CGLZ14] the authors give an explicit de¬ 
scription of the two cocyles and hence the universal central extension of what is 
called the n-point Virasoro algebra and its action on modules of densities. The 
A-point ring is R = Ra = C[s, (s — 1)“^, (s — a)“^] where a £ C\{0,1}. Set 
S := Sb = C[t, where — 2bt + 1 with b a complex number not equal to 

±1. After observing Ra = Sb] Bremner gave an explicit description of the universal 
central extension of g © Sb, in terms of ultraspherical (Gegenbauer) polynomials 
(see [Bre95]). The first author of this present article gave in [GoxOS] a realization 
of the four point algebra in terms of infinite sums of partial differential operators 
acting on a polynomial ring in infinitely many variables and where the center acts 
nontrivially. See also [Bre94b]), [FS06], [FS05] and [BGF09]) for work on other 
rings besides the n-point algebras. 

Below we study the three point algebra case where R denotes the ring of rational 
functions with poles only in the set { 01 , 02 , 03 }. This algebra is isomorphic to 
C[s, s“^,(s — 1)”^]. Schlichenmaier has a somewhat different description of the 
three point algebra as having coordinate ring C[{z^ — a'^)^, zi^z^ — aSY | fe S Z] where 
a ^ 0 (see [SchOSa]). In [GJ14] it was noted that R = C[t, it | + At], 

and thus the three point algebra resembles Sb above. Besides Bremner’s article 
mentioned above, other work on the universal central extension of 3-point algebras 
can be found in [BT07] . This article is restricted to the representation theory of the 
affine 3-point algebra and its algebra of derivations mainly to simplify calculations. 

The main result of [GJ14], reviewed below in Theorem 5.1 provides a natural 
free field realization in terms of a /S-y-system and the three point Heisenberg al¬ 
gebra, of the three point affine Lie algebra when g = sl(2,C). Just as in the case 
of intermediate Wakimoto modules defined in [GF06], there are two different real¬ 
izations given by a parameter r = 0,1 of this action on a Fock space T depending 
on two different normal orderings. When r = 1 we get a free field realization and 
when r = 0 we obtain a realization in terms of infinite sums of partial differential 
operators on polynomial rings in infinitely many variables. 

In §10 we rewrite the two cocycles given in [GGLZ14] used to define the three 
point Virasoro algebra 5J, using a basis of i? = u | + 4t] rather than 

a basis of 5 = C[s^^, (s — 1)“^]. The advantage of using the ring R is that the 
generating fields and their relations for Der (R) can be written in a fairly simple 
and compact fashion, see (10.11)- (10.13). One of the problems listed in [Bre91] is 
to describe the universal central extension of the three point Witt algebra which 
we give in (10.1)- (10.3). A variation of this is also given in [GGLZ14]. 

The central result of this current article, Theorem 11.2, provides a natural action 
of this three point Virasoro algebra 03, on the realization for the three point current 
algebra s[ 2 (i?), given in Theorem 5.1. As for the current type algebra sl 2 (C) © R 
these realizations of 03 depend on a normal ordering parametrized by r = 0,1. The 
proof is based on Wick’s Theorem and Taylor’s Theorem given in the context of 
vertex operator algebras. For the reader’s convenience these theorems are stated in 
the appendix. We conjecture that the semi-direct product of the three point Vira¬ 
soro algebra with the three point current algebra acts on the free field realization 
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provided r = 1. This semi-direct product can be thought of as a kind of gauge 
algebra and will be studied in a future paper. 

The simplest non-trivial example of a Krichever-Novikov algebra beyond an affine 
Kac-Moody algebra (see [KN87b], [KN87a], [KN89]) is perhaps the three point 
algebra. On the other hand interesting and foundational work has be done by 
Krichever, Novikov, Schlichenmaier, and Sheinman on the representation theory of 
the Krichever-Novikov algebras. In particular Wess-Zumino-Witten-Novikov theory 
and analogues of the Knizhnik-Zamolodchikov equations are developed for these 
algebras (see the survey article [She05], and for example [SchOSa], [Sch03b], [SS98], 
[SS99], and [She03]). In the affine Lie algebra setting such as s[ 2 (C), the integral 
solutions are described in terms of hypergeometric functions. We plan to use the 
realization given by Theorem 5.1 and Theorem 11.2 in future work to arrive at an 
explicit description of the corresponding Knizhnik-Zamolodchikov equations with 
the goal of providing integral solutions of these equations for the three point algebra. 

2. Preliminary material and Notation 
A ll vector spaces and algebras are over C. All power series are formal series. 

2.1. Formal Distributions. We need recall notation that will simplify many of 
the arguments made later. This notation follows roughly [Kac98] and [MN99]: The 
formal delta function 6{z/w) is the formal distribution 

S{z/w) = z-^ z^w-'^. 

For any sequence of elements {omlmez in the ring End(K), V a vector space, the 
formal distribution 

a-iz) ■■ = 0 (^) 2 "™"^ 

m£Z 

is called a field, if for any v G V, UmV = 0 for m 0. If a{z) is a field, then we set 

(2.1) a(z)_ : = Y and a{z)+ := Y o.{m)Z~‘^~^■ 

m>0 ?7i<0 

The normal ordered product of two distributions a(z) and b(w) (and their coeffi¬ 
cients) is defined by 

(2.2) ^2 Y^ ■ ■ z~^~^w~'^~^ =: a{z)b{w) := a{z)+b{w) + b(w)a{z)-. 

m^Z nGZ 

Now we should point out that while : a^{zi) ■ ■ ■ a"^(zm) '■ is always defined as a 
formal series, we will only define : a(z)b(z) ::= '■ a{z)b(w) : for certain pairs 

{a{z),b{w)). 

Then one defines recursively 

: a^(2i) • • • af"{zk) :=: a^(2i) (: 0 ^( 22 ) (:■••: a''“^(2fc_i)a''(2fc) :)•••:) :, 
while normal ordered product 

: a^{z)-■ ■ a^{z) := lim : 0 ^( 21 ) (: 0 ^( 22 ) (:•••: a''“^( 2 fc_i)a''( 2 fe) :)•••) : 
will only be defined for certain fc-tuples (a^,..., o^). 
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Let 

(2.3) lab\ = a{z)b(w)— : a{z)b{w) := [a(2:)_, 6(?i;)], 

(half of [a{z), b{w)]) denote the contraction of any two formal distributions a(z) and 
b(w). Note that the the variables z,w are usually suppressed in this notation, when 
no confusion will arise. 


3. Oscillator algebras 


3.1. The /3 — 7 system. The following construction in the physics literature is 
often called the /3 — 7 system which corresponds to our a and a* below. Let a 
be the infinite dimensional oscillator algebra with generators On, a^, a^, a^*, n € Z 
together with 1 satisfying the relations 


[an,aj\ = [am,aj = [am,a^] = = K,aJ = K,a„*] = 0, 


1 I _ [■ 1* 1* 


n ’ 

— ^m+n, qI ~ 


= 0 = [a, 11 


For c = a,a^ and respectively X = x,x^ with r = 0 or r = 1, we define C[x] := 
C[xn, I n G Z] and p ; a —^ g[(C[x]) by 


(3.1) 

(3.2) 


Pri^m') 


Pric*^) 



X-m 

-didx_^ 


if m > 0, and r = 0 
otherwise, 

if m < 0, and r = 0 
otherwise. 


and Pr(l) = 1- These two representations can be constructed using induction: For 
r = 0 the representation po is the d-module generated by 1 =: |0), where 


OmlO) = a)„|0) = 0, m > 0, a);,|0) = a),);|0) = 0, m > 0. 


For r = 1 the representation pi is the d-module generated by 1 =: |0), where 




a*j 0 )=al:\ 0 } 

= 0, m G Z. 

If we define 




(3.3) 

a(z) 

:=^a„z-"-i. 




nGZ 

nGZ 

and 




(3.4) 

a\z) : 


ai*(z) ■.= J 2 al:z-- 



n£Z 

n^Z 

then 





[a{z),a{w)\ = [a*(z), a*(w)] = [a^(z), a^(w)] = [a^*(2;), a^*(w)] =0 
[a(z), a*(r(;)] = [a^(2;), a^*(w)] = \ 5 {z/w). 

Observe that pi(q;( 2:)) and pi(a^(z)) are not fields whereas pr(a*(z)) and pr{a^*{z)) 
are always fields. Corresponding to these two representations there are two possible 
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normal orderings: For r = 0 we use the usual normal ordering given by (2.1) and 
for r = 1 we define the natural normal ordering to be 

C({z)+ = q ;( z ), ct{z:)- = 0 

a^{z)+ = a^{z), a^(z)- = 0 

a*iz)+ = 0, a*{z)-= a*{z), 

a^*{z)+=0, a^*{z)_=a^*{z), 

This means in particular that for r = 0 we get 

( 3 . 5 ) 

\aa*\ = [a{z),a*{w)\ = 'Y] 6m+n,oz~"^~^w~" = S-{z/w) = Lz,w (—-—^ 

( 3 . 6 ) [a*a\ = - ^ = -Y{w/z) = ^ (—-—^ 

\w — z ) 


m>l 


(where iz,w denotes Taylor series expansion in the “region” \z\ > 11111), and for r = 1 

(3.7) [q:, Q:*J = [o^iz)-,a*(w)] =0 

(3.8) [a*aj = [a*(z)_, a(i(;)] = - '^6m+n,oZ~"'w~'^~'^ = -6{w/z), 


where similar results hold for Y{z). Notice that in both cases we have 
[a{z)^ a*{w)] = [a(z)a*(w)J — [a*(w)a( 2 )J =5{z/w). 
Recall that the singular part of the operator product expansion 

1 


N-l 

[ab\ = ^ Lz,v 

3=0 


{z — 


c^{w) 


completely determines the bracket of mutually local formal distributions a{z) and 
b{w). (See Theorem 12.3 of the Appendix). One writes 

/ ^ c^{w) 

~ k. (z _ „),+! ■ 

3=0 ^ '' 


4. The 3-point algebras. 

4.1. Three point rings. There are at least four incarnations of the three point 
algebra each depending on the coordinate ring: Fix 0 ^ a G C. Let 

S := C[s,s"\ (s - 1)"^], 

TZ := C[t, t~^,u I -b 4t], 

A := Aa = C[(2;^ — a^)^, z{z^ — a^Y | A, j G Z]. 

M. Bremner introduced the ring S and M. Schlichenmaier introduced A (see [Sch03a]). 
Variants of TZ were introduced by Bremner for elliptic and 4-point algebras. 

Proposition 4.1 ([CJ14]). (1) The map t i— >■ s“^(s — 1)^, and u ^ s — s“^, 

defines an isomorphism of TZ and S . 

(2) The rings A and TZ are isomorphic. 
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The fourth incarnation appears in the work of Benkart and Terwilliger given in 
terms of the tetrahedron algebra (see [BT07] ) . We will only work with R = TZ. 

4.2. The Universal Central Extension of the Current Algebra g® i?. Sup¬ 
pose i? is a commutative algebra defined over C. Consider the left i?-module 
F = R ^ R with left action given by f{g®h) = fg®h for f,g,h G R and let 
K be the submodule generated by the elements l®fg — f®g — g®f- Then 
= F/K is the module of Kdhler differentials. The element f 0 g + K is tradi¬ 
tionally denoted by fdg. The canonical map d : R ^ is given by d/ = l0f + K. 
The exact differentials are the elements of the subspace dR. The coset of fdg mod¬ 
ulo dR is denoted by fdg. C. Kassel proved that the universal central extension of 
the current algebra g 0 i? where g is a simple finite dimensional Lie algebra defined 
over C, is the vector space g = (g 0 i?) © ^f^/dR with Lie bracket given by 

[a: 0 /, y 0 g] = [xy] ® fg + {x, y)fdg, [x 0 /, w] = 0, [w, w'] = 0, 

where x,y G Q, and G ilj^/dR and (x,y) denotes the Killing form on g. 

Proposition 4.2 ([CJ14], [Bre94a], see also [Bre95]). Let 7Z be as above. The set 

{wo := t~^dt, uJi := t~^udt} 


is a basis of it]^/dTZ. 

Theorem 4.3 ([CJ14]). The universal central extensionQ of the algebra 5l{2,C)(g)TZ 
is isomorphic to the Lie algebra with generators Cn, fn, fn, hn, n G Z, loq, 
LOi and relations given by 


[Xm, Xn] ■■= [Xm, x\] = [xl^,xl] = 0, for X = cj 

[/ijTT,, hn\ •— (n nT)6m.—n^0f ^n] ■— (^m+n, —2 © —l) ^0? 


[uJi,Xm] = 

= = 

0, for X 

= ej,h, 

hj e {0,1} 


[^m; 

fn] : 

— ^m+n 

fnSm, — n^ 0 : 

[emJn] 

- ^ 777-|-77 

[Cm; fn 


fn]-- 

= hm-\-n -\-2 

+ 4 /lm+n+l 

1 , 

+ — (n — 771 

) (^m+n,—2 “t“ 4 :S'fjiJ^n, 

-1) Wo, 

[^m: 

Cn] • 

26772+n; 

[hm: 6n] 

2Cm+n =■ 

[hm-, Cm]; 



Cn] : 

— 26777,-1-77,-1-2 “1“ S^m+n+J 

; [dm; fn 

•— 2/777-^77, 


\hm , 

fn]-- 

= -2/^+n 

= : [hlnJm] 

, [hlnJn 

•— 2/777-^77-^2 8 /m+n+l, 


for all m,n G Z, where pim,n '■= fn 




(m+n+1)! 


’'(2(m+n) —1)!! 


For m = i—and x G sl{2, C)., define i = a; 0 © iu = x]^ and 
Xm := a; 0 t™. Motivated by conformal field theory we set 


:= 




:{z) := 


XmZ ™ ^ 
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Then the relations in Theorem 4.3 correspond to 

(4.1) [x{z),y{w)] = [xy]{w)S{z/w) - {x,y)u:od^5{z/w), 

(4.2) [x^{z),y'^{w)\ = P{w) {[x,y]{w)S{z/w) - {x,y)ujod^S(z/w)) 

(4.3) -^{x,y){dn,P)iw)u;o6{z/w), 

(4.4) [a;(z),y^(w)] = [x,y]^{w)S{z/w) - ^{x,y)uJiy^T+lJ/w)wdn,S{z/w) 

(4.5) =[x^{z),y{w)], 
where x,y € {e, /, h} 

4.3. The 3-point Heisenberg algebra. The Cartan subalgebra f) tensored with 
TZ generates a subalgebra of g which is an extension of an oscillator algebra. This ex¬ 
tension motivates the following definition: The Lie algebra with generators 
m G Z, Iq, li, and relations 

[bm: 5yi] — ijl TYl) ~ ‘IfTt 5m+n,0^0 

^n] ~ (tI m) (^Sm+n, — 2 4” — Iq 

= 2 ((n + l^Sm+n, — 2 4” (4n 4- — Iq 

— 2/7^,nil = [^nj^m] 

[bm, lo] = [blnJ lo] = [t>m, ll] = [&mi ll] = 0- 

is the 3-point (affine) Heisenberg algebra which we denote by i) 3 . 

If we introduce the formal distributions 

(4.6) ffiz):=J2br,z—\ ffi{z):=Y,blz—^ = J2b^^.z—\ 

(where 6 „_|_i ■= bU then the relations above can be rewritten in the form 
[ffiz)ffi{w)] = 21odzS(z/w) = -2d.uiS(z/w)lo 
[ffi{z),ffi{w)] = -2 ((w^ + Aw)d^{6(z/w) 4- (2 + w)6(z/w)) Iq 
[Piz),ffi{w)] = -^/l+lA/w)wdwS{zlw)li 
Set 

: = ^ (C6„ + Cbl) , := CIq © Cli © Cbo © Oj. 

n^O 

We introduce a Borel type subalgebra 

63 = © 63 - 

That 63 is a subalgebra follows from the above defining relations. 

Lemma 4.4. Let V = Cvq © Cvi be a two dimensional representation of with 
= 0 for i = 0,1. Fix Bq, BP for i,j = 0,1 with Bqq = Bh and yi, kq € C 
and let 


bo'VQ — BqVq, 

b^vo = BggVo + SqiVi, 

liVi = XiVj, 


boVl = BgVi 

bgvi = B(qVo + B(^Vi 

IgVi = KqV,, 7 = 0,1. 
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When xi (icts as zero, the above defines a representation of bs on V. 

Let C[y] := n G N*]. The following is a straightforward computa¬ 

tion, with corrections to the version in [CJ14] (where some formulas for the 4-point 
algebra were inadvertently included). 

Lemma 4.5 ([CJ14]). The linear map p : ba —>■ End{C[y] 0 V) defined by 

P{bn) =yn forn<0 

p(f>n) =yl forn<{) 

p{bn) = —n2dy_,^Ko for n > 0 

p{bn) = — (2 -I- 2n)dyi_^_^Ko — 4(1 -|- 2n)dyi_^_^Ko for n > 0 
pfil) = -2dyi^^Ko - 4:dyi_^Ko + Bl 
p{bo) = Bo 

is a representation of ba. 


5. The Fock space representation of the 3-point algebra g 

We recall the definition of the three point algebra and two representations con¬ 
structed in [CJ14]. Assume that xo G C and define V as in Lemma 4.4. Set 

(5.1) P{z) = z^ + 'iz. 

The a{z), a^[z),a*{z) and a^*(z) are generating series of oscillator algebra elements 
as in (3.3) and (3.4). Our main result in [CJ14] is the following 

Theorem 5.1 ([CJ14]). Fix r G {0,1}, which then fixes the corresponding normal 
ordering convention defined in the previous section. Set g = (sl(2, C) ® TV) 0Cwo® 
Cwi. Then using (3.1), (3.2) and Lemma f.S, the following defines a representation 
of the three point algebra g on C[x] 0 C[y] 0 V.' 

t(wi) = 0, t{u}o) =Xo = ko + 4(5r,o, 

= -a{z), T{f{z)) = -a\z), 

T{h{z)) = 2 (: a(z)a*(z) : + : a^(z)a^*(z) :) -I- /3(z), 

T{h^{z)) = 2 (: a^{z)a*{z) : +P{z) : a{z)a^*{z) :) + 

T(e(z)) =: a(z)(a*(z))^ : +P(z) : a(z)(a^*(z))^ : +2 : a^(z)a*(z)a^*(z) : 

+ /3(z)a*(z) + /3^(z)a^*(z) + xoda*(z) 

T(e^(z)) =: a^(z)(a*(z))^ : +P(z) (: a^(z)(a^*(z))^ : +2 : a(z)a*(z)a^*(z) :) 

+ fi^(z)o!*(z) + P(z)/3(z)a^*(z) + xo (B(z)d,,a^*(z) + {z + 2.)a^*{z)) . 
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6. The 3-point Witt algebra 

We now restrict to the three point algebra case: Fix the following basis elements 
of Derci?: 

O f) 

(6.1) dn'.= t'^uD, dl=t'^D for D = {t + 2)——\-u— 

ou at 

We call Derci? the 3-point Witt algebra, for the above choice of basis vectors 
have relations analogous to those for the Witt algebra as seen in the following 
lemma. 

Lemma 6.1. The basis elements listed above for DercR satisfy the relations 

[limi lin] — (iT' ILz) (^drfi-\-n-\-l T ^djri-\-n^ 

[d]nid}n] = {n- m)dm+n-l 

[dm, 4] = (n - m - -h (4n - 4m - 2)dl^_^_„. 

Proof. Straightforward calculations prove the commutation relations, note that 

Din =(^{t + 2)^+ (n = ne-\. 

So for example, recalling that + At: 

[dm,dn] = [t"^uD,ruD] = {t"^uD{t^u) - euD{t'^u))D 

= {t'^u{nr-\t^ + At) + {t + 2)t”) - eu{mt'^-^(f + At) + (t + 2)t™))D 
= {n- At)uD 


and the other relations follow similarly. 


□ 


7. Representations Ua of the 3-point Witt algebra Derc?? 

Fix a complex number a and let Ua be the vector spaces with basis 

(7.1) {afc, afc I fc £ Z}. 

The action given below is motivated by viewing Ua as the space of formal powers 
of the form t°‘^'‘u with k € Z. 

Lemma 7.1. The vector space Ua becomes a representation of DercR if we define 
the action by 

(7.2) dn&i = {a + i) (aj_|_„_|_i -|- 4ai_|_„) 

(7.3) dn&i = [a -\- i -\- l)a„+i_|_i -|- (4a -\- Ai -\- 2)a„_|_i 

(7.4) d ^ a ^ = (a -I- i)a„+i_i 

(7.5) = (a -|- I -|- l)a„_|_i_|_i -|- 2(2a -\-2i l)a,i_|_j 


Proof. The result follows from verifying the relations on each type of basis element. 

□ 
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8. The derivation algebra of superelliptic curves. 

A curve of the form u™ = P{t) where P{t) G C[f] is a separable polynomial and 
TO > 2, is called a superelliptic curve. 


Lemma 8.1. Let R' = and let a he the ideal generated by — P{t) 

where P{t) is a polynomial in t and m is a positive integer greater than one. Con¬ 
sider the two derivations of R': 


Di 


P'jt) d d 

m du dt' 




Then Di{a) C a for i = 1, 2. 

Hence Di and D 2 descend to derivations of ring R'/a which we still denote by 
Di and I? 2 - Moreover D 2 {r) = uDi{r) mod a for all r £ R'. 

Lemma 8.2. Let R := R'/a = C[t, = P{t)] where P{t) and P'{t) are 

relatively prime and m is a positive integer greater than one, then 

Here are four examples of such algebras and coordinate rings R with to = 2 that 
appear in the literature: 

(1) The three point algebras have P{t) = + At. 

(2) Four point algebras have P{t) =t^ — 2bt-\-l, 6 ^ ±1. 

(3) Elliptic affine algebras have P{t) = t^ — 2bt^ A-1, h ^ ±1. 

(4) The coordinate algebras with P{t) = {t^ — b'^){t^ — c^) appear in the work 
of Date, Jimbo, Kashiwara et al on Landau-Lipschitz differential equations, 
b ^ ±c and he ^ 0. If these extra conditions hold for b and c, then P{t) 
and P'{t) = 2ti2t^ — b^ — c^) are relatively prime. 


9. 3-point Witt algebra representation 

We now construct a representation using the oscillator algebra. Define tt : 
Der(i?) —>■ End(C[x]) by the following 

Adm) = '^{j - m) : : +4^(j - to) : : 

3 3 

+ + : + 4 ^ 0 ' + ^ - to ) : :, 

3 3 

7r(rfm) = - m) : a]_^a*^_j : 

3 

+ + 1 - to) : aj+ial/_^ : +4^0' + ^ - to) : : . 

3 3 
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We then have in terms of formal power series (3.3) and (3.4) 

(9.1) : = P{z) (: a{z)dza*{z) : + : a^{z)dza^*{z) :) 


(9.2) 


+ -dzPiz):a^iz)a^*iz): 

TT{d^){z) : =: a^{z)dza*{z) : +P{z) : a{z)dza^*{z) : 
+ l^zPiz) : aiz)a^*(z) : 


The following computational lemma is useful for manipulating A-brackets of our 
formal distributions, we omit the proof which is routine but lengthy. Note also that 
similar formulae hold for other combinations of operators and formal derivatives, 
which are used in the proof of Proposition 9.2 and our main result, Theorem 11.2. 

Lemma 9.1. The following relations hold for the elements of the oscillator algebra 
of Section 3 

(1) [: aa* : \ : aa* :] = —i5roA, 

( 2 ) 

[P : ad{a*) : xP ■ ad{a*) :] 

= P{P: d{a*)a :X + dP: d{a*)a : +P : d^{a*)a :) 

+ P{P: ad{a*) : A+ : ad{a*) : dP + P : dad{a*) :) 


+ P ( ipA^ + iaPA^ + ia^PA ) (5, 


r,0 


(3) 

[P : a^d{a^*) : xdP : a^a^* :] 

= PdP : d{a^*)a^ : + (PA + dP) dP : a^a*^ : 

+ PdP : da^a*^ : +(5r,o 


ipA^ + dPX + ia^P ] dP 


U) 


[dP : a^a^* : xP : a^a(Q;^*) :] 

= PdP : 0^*0^ : A + P{d^P : a^*a^ : +aP : d[a^*)a^ 

- PdP : a^da^* : -d^.oP f t^PA^ + a^PA 


Proposition 9.2. Given tt as in (9.1) and (9.2) we have 
[Tr{d)xTT{d)] = Pd'K{d) + dPn{d) + 2P7r(c?)A 

+ P QpA^ + dPX^ + drfi + id.,o(aP)2A 

[7r(d^)A7r(d^)] = dT:{d) + 27r(d)A + 

[7r(d)A7r(d^)] = Pd-K{d^) + ^aP7r(d^) + 2P7r(d^)A. 

In particular tt is a representation of the 3-point Witt algebra if r = 0. 


□ 
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Proof. The relations follow from Lemma 9.1, and similar calculations. For example: 

[TT{d){z)xTrid){w)] = [(^P{z) (: a(z)dza*{z) : + : a^(z)dza^*(z) :) + ^dzP{z) : a^{z)a^*{z) : 

(^Piw) (: a{w)dwCt*{w) : + : {w)dwa^*{w) :) + : a^(r(;)a^*(ry) : j] 

= [P : ada* :a P ■ ada* :] + [P : a^da^* :a P ■ a^da^* :] + i[P : a^da^* :a dP : a^a^* 
+ ^[dP '■ of 01^* '-x P '■ a^da^* :] + ^[(?P : a^a^* :a dP : a^a^* :] 

= P{P: d{a*)a -.X + dP: d{a*)a : +P : d^{a*)a :) 

+ P (P : ad{a*) : A+ : ad{a*) : 9P + P : dad{a*) :) 

+ P QpA^ + laPA^ + Id^PX^ Sr,o 

+ P (P : d{a^*)a^ :X + dP: d{a^*)a^ : +P : d^{a^*)a^ :) 

+ P (P : a^d{a^*) : A+ : Q;^i9(a^*) : dP + P : da^d{a^*) :) 


r,0 


+ p(-PX^ + -dPX^ + -d^PX ) 6. 

\6 2 2 / 

+ i (pap : d{a*^)a^ : + (PA + dP) dP : a^a*^ : 

+ POP : da^a*^ : +<5^,0 + dPX + ^d^p"^ dp'^ 

+ ^[PdP : : A + P{d^P : a^*a^ : +aP : d{a^*)a^ :) 


- PdP : a^da^* : -Sr.oP ( fdPX^ + d'^PX 


1 , 


- -<5^,0 (aPA + a^p) ap 


= pa (^P (: ada* : + : a^da^* :) + ^aP : ^ 

+ dP ^P (: ada* : + : a^da^* :) + ^dP : a^a^* 

+ 2P (^P (: ada* : + : a^da^* :) + ^aP : A 

+ P (^ipA^ + dPX^ + ^S^PA^ ,5,,o + i(5,,o(aP)2A 
= PdTT{d) + aP7r(d) + 2P7r(d)A 
+ P QpA^ + dPX^ + ^S^PA^ ,5,,o + i(5,,o(aP)2A 


□ 
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10. The 3-point Virasoro algebra 

In this section, we construct the universal central extension of the 3-point Witt 
algebra, which we call the 3-point Virasoro algebra. Note that the cocycles of the 
3-point Witt algebra given below correspond to the ones in [CGLZ14] where they 
are given in the basis for Der(S'), as shown in [JM]. 

Recall R = ,u \ v? = t^ + 4t], with basis given in (6.1). We define cocycles 

(j)i : Der(i?) x Der(i?) —>• C for i = 1, 2. 

On the basis elements, for all k,l G Z let: 


( 10 . 1 ) 

Mdldl) = 

( 10 . 2 ) 

4^1 {di , d^) 

(10.3) 

cj)i{dk,di) = cj)i{t’^uD,t’’uD) 


— l){2l — l)5k+i.i + — l)Sk+ifi 


6(-l)'“'+'2'=+'(fc- l)fcl 


{2k + 2l-3)\\ 
{k + l + l)\ 


-4'i{dl,di) 


l{l + 1)(Z + 2)6k+i,-2 + 4Z(21 + 1)(1 + l)6k+i^-i 
+ 41(21 — l)(2l + l)i5fc_|_i_o- 


where, by definition, (2k + 2/ — 3)!! = {2k + “21 — 3) ■ {2k + 2/ — 5) • ... • 5 • 3 • 1. 
We extend linearly to all of Der(i?) x Der(i?). 

Define (j )2 ■ Der(i?) x Der(i?) — C on the basis elements for all k,l G Z a,s 


Mdldj) = 

02(dfc,dz) = (l) 2 {t^ uD r'" uD) 
4^2{dl,di) = (j)2{t'^D,t'-uD) 


-2(j)i{t^DR^D) 
—2(j)i{t^uD, t^uD) 
-<i)2{t^DR^uD) = 0 


and extend linearly (see also [CGLZ14]). 


Proposition 10.1. The above defined (pi are linearly independent 2-cocycles on 
Der(i?) which are not 2-coboundaries for all f = 1, 2. 


Proof. We will prove the result for pi : Der(i?) x Der(i?) —>• C, and p 2 follows. It 
is easy to verify that pi is skew symmetric 
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The cocycle condition ^i([a, b],c) + (j)i{[b, c], a) + </>i([c, a], 6) = 0 for all a,b,c G 
Der(i?), can be verified in each case. We use the notation of (6.1), and the com¬ 
mutators given in Lemma 6.1. For example for m, n, r € Z 

M[dln,dl],dr)+M[dn,dr],dl^) + M[dr,dU,dl) 

= (/)l((n - ■m)djn+n-l,dr) + (/>l((r -n + l)4+n+l,rfm) + (/'l((-4n-h4r + 2)4+r,clm) 

-h - r - l)4+m+i, 4) + <i^i((4m - 4r - 2)(i)„+^,4) 

= {n - m){r{r + l)(r -|- 2)Sm+n+r,-i + 4r(2r- + l)(r -|- l)Sm+n+r.o 
+ 4r(2r - l)(2r -|- l)Sm+n+r,i) 

+ {r -n + l)(2(m^ - m){2m - l)5r+n+mfi + - m)5m+n+r-i) 

+ (-4n -I- 4r -I- 2)(2(m^ - m)(2m - l)6^+n+r,i + - m)dm+n+r,o) 

{jn r 1)(2(71 TL){2tL 1^6n+m+r,0 T (n ‘IT')dn+r+m, — l) 

+ (4m - 4r - 2)(2(n^ - n){2n - l)5m+n+r,i + (n^ - n)5m+n+rfi) 

= 0 

The other cases follow by similar calculations. 

That (j )2 is also a cocycle, and is linearly independent from (j)i is clear from the 
definition. 

□ 

We point out the motivation for the definition of our cocycles. Recall the algebra 
Der(S') where S = C[s, s“^, (s — 1)“^], which is studied in [CGLZ14]. Define / : 

R ^ S and (jj : S ^ Rhy 

(10.4) 

/(t) =s-i(s-l)^, f{u) = s-s-\ </>(4 = —- 

The map 4)/ ; Der(i?) —> Der)^) defined by the following 

4>/(u) = /u/"\ 

is an isomorphism [CJ14], and the definition of the cocycles of Der(i?) given above 
was arrived at by computing 

(10.5) Mu,v) := ^Sj($/(M),4>/(i;)). 

on the basis elements, where (pSi are the cocycles defined in [CGLZ14]. Because 
the cocycles obtained for Der(S') are not co-boundaries, we have that the cocycles 
are not co-boundaries. 

We define the 3-point Virasoro algebra 21 to be the universal central extension 
of 3-point Witt algebra 2II, 

(10.6) QJ = 2n © Cci 0 Cc 2 

where we distinguish the basis elements d„ of QJ, from the dn of OH. The relations 
are 


(10.7) 


[QJ, Cci © Ccs] = 0, 
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( 10 . 8 ) 

[d-m,, d.^] — (tZ “h “h (f^m ; dy},)ci “h 02 (d/n, dn)C2 

= (tz 77Z,) (ci77T,_|_7T,_|_i + 

- 0(n + l)(n + 2)5m+n-2 + 4n(n + l)(2n + l)5m+n,-i + 4n(2n - l)(2n + l)5m+nfi 

(10.9) = {n - m)drn.+n-i + + (j)2{d]^,dl)c2 

= (tZ TTl)(ljrt-~\-n — l 

+ n(n - 1)((2?Z - l)^m+n,l + (n + l)5rn-hn,o)c 


(10.10) [d„, dl] = in-m- l)d)„+„+i + (4n - 4m - 2)d)„+„ 

+ 4>i{t""uD,t"D)ci + (t)2{dm,d\)c2 
= {n-m- l)d)„,+„+i + (4n - 4m - 2)d)„,+„ 


+ 0(-l)'=+'2'=+'(fc- l)/cZ 


(2fc + 2Z-3)!! 
(fc + / + l) 


A 

rjci, 


where c = ci — 2 c 2 . 

If we set dm := —d^+i and d]^ = —d^m+i then for 




^—m—2 


d\z) :=J2d 


1 ^-m-2 


m^Z 


m^'L 


the above defining relations become 

(10.11) [d^(z), d^(w)] = 5u,d(w)(5(2;/rc) + 2d{w)dwS{z/w) 

- (^P{w)dlS{z/w) + ^P\w)dlS{z/w)j c, 


which is not far from being the relation for the Virasoro algebra. In addition 

( 10 . 12 ) 

[d( 2 :), d(r(;)] = P{w)dwd{w)S{z/w) + dwPiw)d{w)S{z/w) + 2P(ii;)d(w;)d^i5(2:/w;) 

- [P{wYdlj6{z/w) + 3P'{z)P{z)d'^S{z/w) + 6P{z)dw5{z/w) + 12dwS{z/w)) c 

and 

(10.13) 

[d(z), d^(?a)] = P{'w)dwd^{w)S{z/'w) + 2P{w)d^{w)dwS{z/w) + ^P'{w)d^{w)S{z/w) 

+ (3w{2 + r(;)(l + {4/w))^^'^dl,S{z/w) + r(;^(l + {A/w))^^^dlj6{z/w)j ci 


where we have used the following result: The Taylor series expansion of y/T^^z in 
the formal power series ring C[z] is 


(10.14) 


n>2 


(2n-3)!! . 
2"n! ^ 


In the next section below will take (10.11)- (10.13) as the version of the defining 
relations for the 3-point Virasoro algebra. 
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11. 3-POINT VIRASORO algebra ACTION ON THE FREE FIELD REALIZATION 


Before we go through the proof it will be fruitful to review Kac’s A-notation (see 
[Kac98] section 2.2 and [WakOl] for some of its properties) used in operator product 
expansions. If a{z) and b(w) are formal distributions, then 


[a{z),b{w)] 


^ (a(j)b)(w) 
^ (z- w)J+^ 


is transformed under the formal Fourier transform 

F^^^^a{z,w) = Res,e^^^-'^^a{z,w), 


into the sum 

j=o 

So for example we have the following 


Lemma 11.1. Given the definitions in Section 4, with Xi = 0 Pj C fixed Laurent 
polynomials, we have 

( 1 ) = -2Alo, 

(2) [PiP] = -2^/PAxl, 

(3) = - (2PA + dP) lo 

(4) 

[P : {Pf :xP--fi^-] = -SP^Ko : (9/3)/? : -SP^kq : : A - SPOPko : /S^ : 

+ 8P + ^dPX^ + «^o- 

(5) 

[P : /?2 :] = 0 = [: :x P : :] 

( 6 ) 

[Pdfix : P : /3^ :] = IkqP^/SA^ + SkoPOP^X + AnoPd^Pfi 

(7) 

[P:fi^-. xPdfi] = -4koP^9A^ - SKoPdPfiX - AkoPO'^P^ 

- 8koP{PX + dP)d(3 - AnoP'^d'^P 

(8) 

[P : : ^dPP] = -4ko (PA + dP) dPP - An^dpPdP 

(9) 

[dPPxP : /3^ :] = -4ko (9PA + d^P) P/3 

( 10 ) 

[PdPxPdfi] = 2ko (PA^ + 39PA2 + 8d‘^PX) P. 

( 11 ) 

[PdPxdPP] = 2 ko (PA^ + 29PA + d^P) dP. 
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( 12 ) 

(13) 


[dPPxPdp] = -2 ko [dPX^ + 2d^PX) P. 
[dP(3xdP(3] = -2ko [dPX + d^P) dP. 


(W 

[: :a: :] = -4 (2PA + dP) icq : : -SPi^o : {dp^)p^ : 

+ 8 + ipaPA^ + J(5P)2A^ kI 

(15) 

[u : PP^ :x' vPP^ :] = —2koP^ : {P^Y ■ A — 2KQvdv : (/3^)^ : —2kqv'^ : d{P^)P^ : 

- (2PA dP) kq: P^ : -2noudyP : /3^ : -2Pkov'^ : idP)P : 

+ 2ix (^^ixOP + dixP^ X^kI 
P v{2dvdP + 2d^vP)K(^X 
+ ^ [Zd^vdP + 2d^vP) kI 

O 


(16) 

[v : PP^ :x C,dp^] = -vC, {2PX^ + 3dPX + d^P) kqP 

- C (4PA -H sap) KoidixP + vdp) 

- 2PCko {2dvdp + d'^vp + vd^p) 

(17) 

[(dPlv : PP^ :] = Cp (2PA2 + dPX) k^P 

+ {AvdCPX + vdPdC + 2Pixd^C) kqP 

(18) 

[Cdp\Cdp^] = -2ePKoX^ - C(3CaP + 6dCP)KoX^ 

- c (ea^cp + eacap -h co^ph) kqX 

- c (aca^p -H sa^cap 2d^cp) kq 

(19) 

[P ■ {Pf :a: PP^ :] = -4i7oP '.PP^-.X- 4ko {dP : PP^ : +P : a^/S' :) 

( 20 ) 

[: : xPP^ :] = -2«o (2P ■. P^P : X + dP : P^P : +2P : dp^P :) 
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□ 

Note that similar expressions hold for a^(z) and (y^*{z) (the A-notation sup¬ 
presses the variables z and w, which are understood). 

We can now establish our main result. We note that the Fock space T given 
below is the module constructed for the 3-point affine algebra s[(2,7?.) 0 (yinIdlV) 
in [CJ14]. 


Theorem 11.2. Suppose X, pL^iz, k,xij kq G C are constants with kq ^ 0. The 
following defines a representation of the 3-point Virasoro algebra H3 on J- := C[x ]0 
C[y] 0 V, with V as in Lemma 4-4 


7 r(d)( 2 :) = 7 r(d)(z) + 7 : l 3 {zf : -\-pd^P{z) + 71 : {P'^{z)f : +72^(2) 
7r(di)(z) = TT{d^)[z) + V : /3(z)/3^(2:) : +Cd^/3^(2;) 

7r(c) = ~ 2C^«:o) = + Sk^v'^) = ^(5r,o + 

7r(c2) = 0. 


Where the following conditions are satisfied: 


( 11 . 1 ) 

i/2 = Ko-V4,C = 0 , 

( 11 . 2 ) 

7 - 

(11.3) 

p = 0, 71 = -ty'^Ko = - 


72 = 0. 
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Proof. We prove that (10.11)- (10.13) are satisfied by 7r(d)(2:) and 7r(di)(z), the 
computations are presented in a compact form. We begin with (10.11): By Lemma 9.2, (15)- 
(18) 


[7r(di)A7r(di)] 


[7r(c?^)A7i'((i^)] — 2koi^^ : (/3^)^ : A — 2Koi'dv : (/3^)^ : —2k,qv^ : d(/3^)/3^ : 
— (2PA -I- dP) kq : /3^ : —2kop9pP : /3^ : —2Pkop^ : (5/3)/3 : 


udP + dvP j A"^Kq -I- u{2dvdP + 29"^pP)kqA 


H— v^PX^Kq + 2p 

3 

-b ^ {W^vdP + 2d^vP) kI - vf {2PX^ + 3dPA + d^P) kqP 

- C (4PA + 3dP) ko(^p/3 + J^dl3) - 2 PCko {2dvdj3 + d'^vj3 + vd'^p) 

+ Qv (2PA^ + dPXf) kqP + (4j/dCPA + vdPdf + 2Pvd^C) ko/3 — 2(^PkoX^ 

- C{3CdP + 6dCP)KoX^ - C {6d^CP + 6dCdP + (d^P) kqX 

- C {dCd'^P + Sd^CdP + 2d^CP) «o 


= Tr{dd) + 27r(c?)A — 2 kop^ : (/3^)^ : A — 2KQvdv : (/3^)^ : —2kov^ : d{f3^)l3^ : 

- (2PA + dP) Ko: : -2KQvdvP : (3^ : -2Pkop^ : (5;9)/3 : 

+ {{AvdfPX + j/dPdC + 2Pvd^C) - {2dPX + d^P)) ko/3 

- C (4PA + 3dP) ko^p/ 3 - C (4-PA + 3dP) KoPd/3 

- AfPKodvdp — 2fPKod'^iyf) — 2C,P noud'^ (3 

+ ~ P’A^ 

+ 4" + 2.vdvP) kq — C{3fdP + Gd^P)^ kqX^ 

+ {v{2dvdP + 2d^vP)KQ - C (65\P -b 65CdP + Ci9^P)) kqX 

+ {3d^vdP + 2a3pP) Ko - C (SCd^P + 352C5P + 2d^CP)) 


Assigning the values 


7r(c) = -(^<^c0 + ^^^^0 - 2 C^ko) 

71 = 

7 = -p^P’ko 
/i = —2vQPkq 

72 = -i^CdPKo, 
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we obtain 

[7r(d^)A7r(di)] = 7T{dd) + 27r(d)A - 2koI'^ : : A - 2Koiy^ : a(/3^)/3^ : 

- {2PX + dP) Ko : /3^ : -2Pkov‘^ : (d^)/3 : 

— vQ {2dPX + d^P) ko/3 

— C (4PA + ZdP) KQvdp — 2(PKQi'd‘^f3 

+ + ^^^^0 - 2 C^ko^ PX^ 

+ *^^^0 ~ 9PX^ 

= 7 r(dd) + 27r(d)A - (^PX^ + ^dPX^^ tt{c), 

For (10.12) we have by Lemma 9.2, and items (4)- (13) in Lemma 11.1 

[7r(d)A7r(d)] = Pd'K{d) + dPTr{d) + 2PTr{d)X 

+ + {6r,o + 8iy^4) PdPX^ + (d,,o + 8y^4) {2P + 4) A 

- Siy^ulP^ : (d/3)/3 : -Sz/^k^P^ -.p^-.X- Si/^k^PSP : : 

- Sv^C,kIP^PX^ - IQu^CnlPdPpX - Sv^CnlPd^PP 

- \Qv^C,kIP{PX + dP)dp - 8v^C,KlP^d^l3 

- AiJ^C,kI (PA + dP) dPP - Av^CnldlSPdP 

+ + 16z^^C«^o^’9P/3A + Siy^C4P9‘^PP 

+ iv'^C4 {P>? + SdPA^ + 3d^PA) P + Av'^44 (PA^ + 2dPX + d^P) dP 

- 4i/Vg (2PA + dP) : : -iPv^nl : (d/?^)/?^ : 

- Av^C,kI {dPX + d^P) P/3 - Aiy^44 {dPX^ + 2d‘^PX) P - 2v^C4 {dP>^ + d'^P) dP 

= Pd-K{d) + aP 7 r(d) + 2 P 7 r(d)A 

- 8i/Vgp2 : (d/3)/3 : -Sz/'^k^P^ : : X - 8 z/VgPdP : /32 : 

- 16i/3Cko-P(PA + dP)dp - Siy^C^P'^d'^P 

- 4i/3C«;o (-P^ + 5-P) 5-P/5 - 4z/\K35/3PdP 

- 4i/^Kg (2PA + dP) : (/3i)2 : - 8 Pz/'‘z«g : (a/3^)/3^ : 

- 4z/3Czcg {dPX + d^P) P/3 

+ {SP'^X^ + 24PaPA^ + (32P + 24(P + 4))A + 4aP) 

+ Q<5,,o + + {6r,o + 8jy^4) PdPX^ + (d,,o + 8u^4) (2P + 4) A 


Set z/^zig = i, ^ = 0. Then /x = 0, 72 = 0 and 7 r(c) = — ^|<3r,o + ■ We obtain 
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[ 7 r(d)A 7 r(d)] = Pdiri^d) + dPn{d) -|- 2 P 7 r(d)A 

- {P^X^ + iPdPX^ P 6PX + 12A) 7 r(c) 


-h 2P7 : : +2P-j -.jd'^-.Xp 2jdP : : 

+ 2P71 : : +2P71 : [p^ : A + 71 dP : [P^f : 

= Pd-K{d) + 2P2^1 : dpp : +PdP7i : P^ : +2P71 : P^dp^ : 
dPnid) + PaP7i : P^ : +7i5P : {P'^f : 

2P-K{d)X + 2P^-fi :P‘^:\ + 2P-fi : (P^f : A 

- (P^A^ + SPdPA^ + 6PA + 12A) 7r(c) 

= Pd7r(d) + dP7r(d) 2P7r(d)A 

- (P^A^ + SPdPA^ + 6PA + 12A) 7r(c). 

For (10.13) we have 

[7r(d)A7r(di)] = [7r(d)A7r(d^)] 1/(7 : p"^ :a: PP^ :] + 7 ip[: {P^f\ ■ PP'^ :] 

= Pd'K{d^) + ^5P7r((i^) + 2P7r(d^)A 
+ AkIv^P -.pp^-.XP {dP : PP^ : +P : dpp^ :) 
2kIu^ (2P ■. P^P : X + dP : P^p : +2P : dp^P :) 

= PdTT{d^) + ^dP7r{d^) + 2P7r(d^)A 
+ t^P : PP^ : X + iy{dP : pp^ : +P : dpp'^ :) 

+ ^{2P ■. P^P ■. X + dP : P^P : +2P : dp^P :) 


= Pd7r(e) + vP : dpp^ : +uP : pdp^ : 

+ 2 P 7 r(e)A + 2vP ■.pp^:X + ^aP7r(e) + ^udP : PP^ : 
= Pa7r(di) 2P7r(di)A + ^5P7r(di) 


□ 

We note that the values of the expressions 7 r(c), 71 , 7 ,/i, and 72 chosen here are 
sufficient to have a representation on our chosen Fock space, and it is possible that 
other values could appear for other representations. We conjecture that the semi- 
direct product algebra 51 k g will act on the same Fock space given appropriate 
conditions. 
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12. Appendix 

For the convenience of the reader, we include the following results which are 
useful for performing the computations necessary for proving our results. 

Theorem 12.1 (Wick’s Theorem, [Kac98] ). Leta^{z) and V{z) be formal distri¬ 
butions with coefficients in the associative algebra End(C[x] ® C[y]), satisfying 

(1) [\a'^{z)lf {w)\,c^{x)±] = [[adV\,c^{x)±] = 0, for all i,j,k and c^{x) = 
a^{z) or c^{x) = b^{'w). 

(2) [a*(z)±, ld(rc)±] = 0 for all i and j. 

(3) The products 

••• (z) ■ ■ ■ {z)b\w) ■ ■ ■ b^{w) 

have coefficients in End(C[x]®C[y]) for all subsets {ii,..., C {1,..., M}, 
{ji,...,js} C {1,---Af}. Here the subscript (A, ■ ■ ■, *«; ji, • ■ •, js) rneans 
that those factors a^(z), td(w) with indices i € {ii ,... ,is}, j S {ji,... ,js} 
are to be omitted from the product : ■ ■ ■ b^ : and when s = 0 we 

do not omit any factors. 

Then 

:a^{z)---a^\z) :: b^ {w) ■ ■ ■ {w) := 

inin(M,A) 

^ : a\z) ■ ■ ■ (z)b\w) ■ ■ ■ b^{w) . 

^—0 2l'^'"‘C^sjJl s 

Theorem 12.2 (Taylor’s Theorem, [Kac98], 2.4.3). Let a(z) be a formal distribu¬ 
tion. Then in the region \z — w\ < 

OO 

(12.1) a{z) = 'y^ d2^a{w){z — wY. 

j=o 

Theorem 12.3 ([Kac98], Theorem 2.3.2). Set C[x] = 'C[xn,xf\n G Z] and C[y] = 

C[yrm ^ N*]- ^6^ ^(■^) formal distributions with coefficients in the 

associative algebra End(C[x] 0 C[y]) where we are using the usual normal ordering. 

The following are equivalent 

A-l 

(i) [a{z),b{w)] = d^^6{z — w)cf{w), where c^{w) G End(C[x]0C[y])|r(;, w ^]. 

3=0 

(ii) La6J = ^ jc>{w). 
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